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$e$ $G=\exp \mathfrak{g}$ Lie $\mathfrak{g}$ $f\in \mathfrak{g}^{*}$
$f$ $\mathfrak{g}$ $\mathfrak{g}_{\mathbb{C}}$ $\mathfrak{g}_{\mathbb{C}}$ $B_{f}$
$B_{f}(X, Y)$ $:=f([X, Y])$ $(X, Y\in \mathfrak{g}_{\mathbb{C}})$ $\mathfrak{g}_{\mathbb{C}}$ Lie $\mathfrak{h}$ $f([\mathfrak{h}, \mathfrak{h}])=\{0\}$
$\mathfrak{h}$ $B_{f}$ $\mathfrak{g}$ Lie $\mathfrak{d}:=\mathfrak{g}\cap \mathfrak{h}$ ,
$\mathfrak{g}$ ( Lie ) $\mathcal{E}:=\mathfrak{g}\cap(\mathfrak{h}+\overline{\mathfrak{h}})$
1 1. $\mathfrak{g}_{\mathbb{C}}$ Lie $\mathfrak{h}$ $B_{f}$
$f([\mathfrak{h}, X])=\{0\}, X\in \mathfrak{g}_{\mathbb{C}}\Leftrightarrow X\in \mathfrak{h}$ (1)
$\mathfrak{h}$ $f$ weak polarization




3. $f$ weak polarization $\mathfrak{h}$
if $([X, X])\geq 0,$ $\forall X\in \mathfrak{h}$ (3)
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$S_{f}(X, Y):=iB_{f}(X, \overline{Y})$ /$\mathfrak{d}\mathbb{C}$
$\mathfrak{h}$ $f$ positive weak polarization






$\delta|_{\mathfrak{d}}=\frac{1}{2}$ Tr ad$\mathfrak{g}/\mathfrak{d},$ $\delta|_{\mathcal{E}\cap \mathfrak{n}}=0$ (4)
1 $n$ $\mathfrak{g}$ nilradical $\delta$ $\mathcal{E}_{\mathbb{C}}$
$(\mathfrak{h}, f, \delta)$ $G$ $\rho=\rho(\mathfrak{h}, f, \delta)$ (
) $C^{\infty}(\mathfrak{h}, f, \delta)$ 1,2,3
$c\infty$ $\phi$
1.
$\phi(gy)=\chi_{f}(y)^{-1}(\frac{\triangle_{D}(y)}{\Delta_{G}(y)})^{1/2}\phi(g), \forall g\in G, \forall y\in D$ , (5)








$\langle\phi_{1}, \phi_{2}\rangle;=\oint_{G/D}\phi_{1}(g)\overline{\phi_{2}(g)}d\mu_{G/D}, \phi_{1}, \phi_{2}\in C^{\infty}(\mathfrak{h}, f, \delta)$
$C^{\infty}(\mathfrak{h}, f, \delta)$ Hilbert $\mathcal{H}(\mathfrak{h}, f, \delta)$ $\mathcal{H}(\mathfrak{h}, f, \delta)$
$G$ $\rho=\rho(\mathfrak{h}, f, \delta)$
$\rho(g)\phi(x):=\phi(g^{-1}x) , \phi\in \mathcal{H}(\mathfrak{h}, f, \delta), g, x\in G$
$\rho$ $D$ 1 $\chi_{f}$ Mackey $ind_{D}^{G}\chi_{f}$
$\mathcal{H}(\mathfrak{h}, f, \delta)=\{0\}$
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$\mathcal{H}(\mathfrak{h}, f, \delta)\neq\{0\}$ $C\infty$ - $\mathcal{H}(\mathfrak{h}, f, \delta)^{\infty}$ ,
$\mathcal{H}(\mathfrak{h}, f, \delta)^{-\infty}$ $\mathcal{H}(\mathfrak{h}, f, \delta)^{\infty}$
$a_{\rho}$
$\mathcal{H}(\mathfrak{h}, f, \delta)^{\infty}\ni\phi\mapsto(a_{\rho}, \phi\rangle:=\overline{\phi(e)}$
$a_{\rho}$
$\mathcal{H}(\mathfrak{h}, f, \delta)^{\infty}$
$\rho$ ( $\rho$ )
$\mathcal{H}(\mathfrak{h}, f, \delta)^{-\infty}$
$\rho(\overline{X})a_{\rho}=(if(\overline{X})+\delta(\overline{X}))a_{\rho}, \forall X\in \mathfrak{h}$
Penney [8] $a_{\rho}$ $\rho$
$(\pi, \mathcal{H}_{\pi})$ $a_{\pi}\in \mathcal{H}_{\pi}^{-\infty}$ $\pi,$
$\mathfrak{h},$ $f,$ $\delta$
$G$ $(\pi, \mathcal{H}_{\pi})$ $(\mathfrak{h}, f, \delta)$
$(\mathcal{H}_{\pi}^{-\infty})^{\mathfrak{h},f,\delta}:=\{a\in \mathcal{H}_{\pi}^{-\infty};\pi(\overline{X})a=(if(\overline{X})+\delta(\overline{X}))a, \forall X\in \mathfrak{h}\}$ (8)
$\dim(\mathcal{H}_{\pi}^{-\infty})^{\mathfrak{h},f^{\delta}},\geq m(\pi)$ , $m(\pi)$ $\rho$ $\pi$ (9)
1. $\rho$ $\mathcal{H}(\mathfrak{h}, f, \delta)\neq\{0\}$







$f\in \mathfrak{g}^{*}$ polarization $\mathfrak{h}(=\mathfrak{d})$ $\mathfrak{g}^{*}$ affine




polarization $f,$ $l\in \mathfrak{g}^{*}$ $\pi_{f}$ $\pi_{l}$
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$f$ $l$ $G$ $G$
$\mathfrak{g}^{*}/Garrow\hat{G}$ (Kirillov-Bernat )
3.2 polarization




$\Omega$ affine $\mathfrak{h}^{\perp}+f$ $(\mathfrak{h}^{\perp}+f)\cap\Omega$
$\perp+$ f $\Omega$ $\pi_{\Omega}$







1. $\mathfrak{g}_{\mathbb{C}}=\mathfrak{h}+\overline{\mathfrak{h}}$ ( $\mathfrak{d}$ $f$ Lie )
$\rho(\mathfrak{h}, f, 0)$ $\mathcal{H}(\mathfrak{h}, f, 0)\neq\{0\}$ $\mathfrak{h}$
$f$ positive polarization ( :
Lie [10] ) positive
polarization $\mathcal{H}(\mathfrak{h}, f, 0)\neq\{0\}$
Rossi-Vergne [11], Fujiwara [3], $z_{a\dot{1}cev}[13]$
2. $\mathfrak{h}$ (totally complex ) positive polarization
$[\mathfrak{d}, \mathcal{E}]\subset \mathfrak{d}$ ([1], [2]), $\delta$ $\delta=\frac{1}{2}$Tr ad$\mathfrak{g}/\mathcal{E}$
$\rho(\mathfrak{h}, f, \frac{1}{2}Tr ad\mathfrak{g}/\mathcal{E})$ Rossi-Vergne, Fujiwara,
$z_{a\dot{1}cev}$
$\mathfrak{h}$ $f$ Pukanszky $\mathcal{E}^{\perp}+f=Ad^{*}(D)f$
$\rho(\mathfrak{h}, f, \frac{1}{2}rR ad\mathfrak{g}/\mathcal{E})$ Kirillov-Bernat $Ad^{*}(G)f$
3. $\mathfrak{h}$ Pukanszky positive polarization
Fujiwara [3] polarization Vergne
$\rho$ :




$\Omega\cap(\mathcal{E}^{\perp}+f)$ $D$ $m(\Omega)(<\infty)$ :
$\rho(\mathfrak{h}, f, \frac{1}{2}Tr ad\mathfrak{g}/\mathcal{E})=\sum_{\Omega\in\Xi}^{\oplus}m(\Omega)\pi_{\Omega}$ . (10)
affine $\mathcal{E}^{\perp}+f$ $\Omega\cap(\mathcal{E}^{\perp}+f)$ $\mathcal{E}^{\perp}+f$
$\Omega$
4. $\mathfrak{h}$ $f$ positive polarization Pukanszky
2 Tr ad$\mathfrak{g}/\mathfrak{d}$ $\mathcal{E}$ Penney[9]









$\mathfrak{g}:=\mathbb{R}\ltimes \mathfrak{n}_{3}$ $\{T, X, Y, Z\},$ $(\mathfrak{n}_{3}=\mathbb{R}-span\{X, Y, Z\})$
$[X, Y]=Z, [T, X]=X, [T, Y]=Y, [T, Z]=2Z$
Lie $\{T^{*}, X^{*}, Y^{*}, Z^{*}\}$ $G=\exp \mathfrak{g}$
$\mathfrak{g}^{*}/G$
$\bullet$ : $\epsilon Z^{*},$ $\epsilon=\pm 1,$
$\Omega_{+};=Ad^{*}(G)(Z^{*})=\{l\in \mathfrak{g}^{*};l(Z)>0\}$
$\Omega_{-}:=Ad^{*}(G)(-Z^{*})=\{l\in \mathfrak{g}^{*};l(Z)<0\}$
$\bullet$ 2 : $l_{\theta};=\cos\theta X^{*}+\sin\theta Y^{*},$ $0\leq\theta<2\pi,$
$Ad^{*}(G)(\cos\theta X^{*}+\sin\theta Y^{*})=\{sT^{*}+e^{t}l_{\theta};s, t\in \mathbb{R}\}$
$\bullet$ 1 : $\alpha T^{*},$ $\alpha\in \mathbb{R}$
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$f$ $:=z*$ $\mathfrak{h}:=\mathbb{C}T+\mathbb{C}(X+iY)$ $\mathfrak{h}$ $f$ positive weak
polarization $\mathfrak{d}=\mathbb{R}T,$ $\mathcal{E}=\mathbb{R}-$ span$\{T, X, Y\}.$ $\mathcal{E}$ Lie
(4) $\delta\in \mathcal{E}^{*}$ $\delta=\frac{1}{2}$Tr ad$\mathfrak{g}/\mathfrak{d}(T)T^{*}=2T^{*}$ 1
$\rho=\rho(\mathfrak{h}, f, \delta)$ affine $\mathfrak{d}^{\perp}+f=\mathbb{R}X^{*}+\mathbb{R}Y^{*}+\mathbb{R}Z^{*}$
2 $\Omega_{+},$ $\Omega_{-}$ , $\mathfrak{d}^{\perp}+f$ Lie
([4]) $ind_{D}^{G}\chi_{f}$ $\Omega_{+},$ $\Omega_{-}$
$\pi_{1},$ $\pi_{-1}$
$\pi_{1},$ $\pi_{-1}$ $(\mathfrak{h}, f, \delta)$
$\epsilon Z^{*}(\epsilon=\pm 1)$ Pukanszky polarization
$\mathfrak{b}:=\mathbb{R}Y+\mathbb{R}Z$ $B=\exp \mathfrak{b}$
$\chi\epsilon Z$ $\pi_{\epsilon}:=ind_{B}^{G}\chi_{\epsilon}z*$








$\pi_{\epsilon}(Y)\psi(t, x)=-i\epsilon xe^{-t}\psi(t, x)$ ,
$\pi_{\epsilon}(Z)\psi(t, x)=i\epsilon e^{-2t}\psi(t, x) , \psi\in C_{c}^{\infty}(\mathbb{R}^{2})$ .
$a_{\epsilon}\in(\mathcal{H}_{\pi_{\epsilon}}^{-\infty})^{\mathfrak{h},f,\delta}$ $\pi_{\epsilon}(T)a_{\epsilon}=(if(T)+\delta(T))a_{\epsilon}=2a_{\epsilon}$ $\pi_{\epsilon}(X-iY)a_{\epsilon}=$
$(if(X-iY)+\delta(X-iY))a_{\epsilon}=0$
$(- \frac{\partial}{\partial t})a_{\epsilon}=2\ovalbox{\tt\small REJECT}$






$\langle a_{\epsilon}, \psi\rangle=\int_{\mathbb{R}^{2}}\beta_{\epsilon}(t, x)\overline{\psi(t,x)}dtdx, \psi\in C_{c}^{\infty}(\mathbb{R}^{2})$








Penney [9] totally complex polarization
$\mathbb{R}^{2}$ $C^{\infty}$ $\psi$ $G$
$\sigma_{\psi}$
$\sigma_{\psi}(g);=\langle\psi, \pi_{1}(g)a_{1}\rangle(:=\overline{\langle\pi_{1}(g)a,\psi\rangle}) g\in G$
$\sigma_{\psi}$ (5) (7) Penney [9]
([9] Frobenius )
$C^{\infty}$
$a_{1}$ ( $\beta_{1}$ ) $\mathcal{H}_{\pi_{1}}$
$\mathbb{R}^{3}\ni(x, y, z)\mapsto\exp(xX)\exp(yY)\exp(zZ)mod D\in G/D$ $\mathbb{R}^{3}$ $G/D$
$\rho$
$L^{2}(\mathbb{R}^{3})$ $\Vert\sigma\psi\Vert$ $\sigma\psi$ $G/D$




$(\mathcal{E}^{\perp}+f)_{+}:=\{l\in \mathcal{E}^{\perp}+f;il([V, \overline{V}])>0, \forall V\in \mathfrak{h}\}$
$(\mathcal{E}^{\perp}+f)\cap\Omega_{\dagger}=\{\zeta Z^{*};\zeta>0\}=Ad^{*}(D)Z^{*}=(\mathcal{E}^{\perp}+f)_{+}$
: $G$ 2 $Ad^{*}(G)l_{\theta}$
$ind_{D}^{G}\chi_{f}$
$\{0\}$ $l_{\theta}$ Pukanszky
polarization $\mathfrak{n}:=\mathbb{R}X+\mathbb{R}Y+\mathbb{R}Z$ $\mathbb{R}\ni t\mapsto\exp(tT)mod N\in G/N$









[5] $j$ Lie Lie
$\mathfrak{g}$ $j$ $G=\exp \mathfrak{g}$ $G$
$\mathfrak{g}^{*}$ $\mathscr{O}$
1 [5] $\mathfrak{g}$ $j$ $G=\exp \mathfrak{g},$ $f\in \mathfrak{g}^{*}$ $\mathfrak{h}$
$f$ positive weak polarization
$(\mathcal{E}^{\perp}+f)_{+}:=\{l\in \mathcal{E}^{\perp}+f;il([Z, \overline{Z}])>0, \forall Z\in \mathfrak{h}\}$
$G$ $\Omega$
$m(\Omega)$ $:=\#[\Omega\cap(\mathcal{E}^{\perp}+f)_{+}/D]$ ( $D$ )
$\pi_{\Omega}$ Kirillov-Bernat $\Omega$ $\delta\in \mathcal{E}^{*}$
: $\mathcal{H}(\mathfrak{h}, f, \delta)\neq\{0\}$ $\rho$ $(\mathcal{E}^{\perp}+f)_{+}$
:
$\rho(\mathfrak{h}, f, \delta)=\sum_{\Omega\in \mathscr{O}}^{\oplus}m(\Omega)\pi_{\Omega},$
$m(\Omega)=\dim((\mathcal{H}_{\pi}^{-\infty}\Omega)^{\mathfrak{h},f^{\delta}},)$ .
positive polarization (10)
affine $\mathcal{E}^{\perp}+f$ $(\mathcal{E}^{\perp}+f)_{+}$ weak
polarization
Lie weak polarization
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